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Abstract 

We deduce conditional Lp-estimates for the variation of a solution 
of a BSDE. Both quadratic and subquadratic types of BSDEs are 
considered, and using the theory of weighted BMO we deduce tail 
estimates for the solution on subintervals of [0,T]. Some new results 
for the decoupling method introduced in |15) are obtained and used. 
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1 Introduction 


In this paper we study BSDEs of type 

= C + f{s,Y,,Z,)ds- 

where T > 0 is a fixed time horizon and (Vht)tg[o,T] is a d-dimensional Brow¬ 
nian motion. The generator / can be random, is assumed to be Lipschitz in 
the y-variable, but may grow quadratically in the z-variable. 

BSDEs were hrst introduced in [2], and the amount of research in this area 
increased signihcantly after PI where it was shown that a BSDE with data 
in L 2 and a uniformly Lipschitz generator has a unique solution. In [5] 
this was extended to the case where the data is in Lp, with 1 < p < cx). 
More recently, the theory of BSDEs with a generator that grows quadrat¬ 
ically in the 2 :-variable has been developed, see for example pni, El, 1221. 
0. El. The original motivation of studying BSDEs came from stochastic 
optimal control theory. Besides this, BSDEs have applications for example 
in stochastic differential games, in stochastic hnance in connection to option 
pricing and utility maximization, and they are also connected to a class of 
partial differential equations, as was already shown in |25| . 

When trying to simulate a solution of a BSDE, the system is discretized for 
the computer. For example in jT] a backward Euler scheme that is piecewise- 
constant between points of a hnite time-grid 0 = to < ‘ ^ is 

considered, and the study is based on objects like 


ZgdWs, t G [0, T], 


( 1 ) 


N-l 

z^ :=J2 

k=0 

for r G [0, T]. It is of interest to know how far the approximation is from the 
exact solution, or in other words, how large the simulation error is. In [1] it 
is shown that the simulation error is upper bounded by the variation of the 
exact solution. 

This leads us to study the variation of the exact solution. The present article 
can be seen as a continuation of na, where the Lp-variation of the solution 
is considered. We use here conditional techniques to obtain by a weighted 
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John-Nirenberg type theorem better tail estimates than what would be ob¬ 
tained from an Lp-estimate. This is in particular a natural approach in 
Lipschitz settings, where the local estimates tend to be similar to the global 
ones (see Section ITT]) . More generally, we will show that on any subinterval 
[s,t] C [0,T] where the pair (^,/) satishes a variational estimate 
(see Assumption [XS]), the tail probability P(sup^g[^^j] \ Yr — Ys\ > A) has an ad¬ 
ditive upper bound consisting of an exponential term and the tail-probability 
of a weight process. This will be a consequence of (lA)re[s,t] belonging to a 
weighted BMO-space, and the weight process is given explicitly in terms of 
integrability and variational properties of the pair (,^, /). 

To say that a continuous martingale M = {Mt)t(£[o,T] is of bounded mean 
oscillation, or M G BMO, means in our setting that there exists C > 0 
such that — M„\p < C for all stopping times a G [0,T] and all 

(equivalently, for some) 0 < p < cxd (here one is referred to the excellent 
lecture notes Hi). In [13] this was generalized to weighted BMO by replacing 
the constant C by an adapted weight process. In more detail, we assume that 
(Aj.)re[o,T] is cadlag and adapted, (<hr)re[o,T] is cadlag, adapted and positive, 
and let 0 < p < cxo. Then A G BMO^ if 


BMO| •“ sup 


E 


\A2 






:Fo 


i/p 


< oo. 


where the supremum is taken over all stopping times a : O —?■ [0, T]. 

The assumptions of our main results. Theorems I3.1UI and 13.111 are aplenty. 
This is why before going through all of them, we introduce a class of 
decoupled Lipschitz FBSDEs, for which these assumptions follow from stan¬ 
dard conditions. The weight process in this case can be given in terms of the 
forward process, and is shown to be sharp. 

Assumptions (C6) and (C7) in Assumption 13.81 below have not, as far as the 
author knows, been studied before. The idea is that we impose a weighted 
BMO-condition on the data (^,/) on some subinterval [s,t] ^ [0)^]- Here 
one is tempted to study E'^“|E'^‘(^ — for u G [s,t], but instead we 

will use for the sigma-algebra that carries information from both [0,n] 
and [t,T], and study the quantity E-^“|,^ — for u G [s,t]- By Jensen’s 

inequality this is larger than or equal to the aforementioned object. The 
difference between these two objects is, that the latter additionally measures 
how much ^ changes on the interval [t,T] if it is perturbed on the interval 

[u,t]- 

At first glance it is not clear how to hnd an upper bound of E'^'“|,^ — 
However, using a special decoupling technique, this task becomes feasible. In 
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Section 0] we will introduce the idea of our coupling and recall some needed 
results proven in m We will also give some new conditional results that 
are necessary for proving Theorem 13.101 below. 


2 Preliminaries 


We fix a finite time horizon T > 0 and work on the stochastic basis 


(n, J", P, {J^r)re[0,T]) 

satisfying usual assumptions. In particular F := (J>)re[o,r] is fhe augmented 
filtration of a d-dimensional Brownian motion W, = Tt-, and we assume 
that all paths of W are continuous. If not specified in a different way, we 
use the filtration F in statements and definitions. Moreover, the following 
notation will be used: 


Notation 2.1. The Lebesgue-measure on [0,r] is denoted by and 


(hlo, So, Po) 

iP-T, St, Pt) 


(fl,.F,P), 


- Given a a-algebra Q C if and X G Li(r2, P), we denote the conditional 

expectation of X given Q by ¥PX := E [X | . 

- For a,b,c> 0 we let 

a <cb a < cb, 

a ^cb - < a < be. 
c 

- For any B E X of positive measure and any A E X we let 


^b{A) : = 


P(5 n A) 
¥{B) 


- For 0 < s < t < T we let 

gl ■= a{Wr,r < s)\/ a{Wr - Wt,t <r <T), 

H\ := e([o,r])0e 

- The (predictable) a-algebra on Qt generated by {Xt)t&[o,T]-(adapted left- 
continuous processes is denoted by V. 
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Inequalities concerning random variables, for example < Y, hold in 

general only almost surely. If it is obvious what measure is used, we will just 
write E^X < Y. 

Some of our stochastic processes will depend continuously on an additional 
parameter space. In our results concerning BSDEs this will be a Euclidean 
space, but some of our other results also hold when the parameter space 
has a more general topological structure. Specihcally, we fix X 7 ^ 0 to be 
a complete metric space that is locally a-compact, i.e. there exist compact 
subsets ^ ^ Ki Y K 2 Y ^ such that and X = Kn- In 

particular X is separable, and we will use A for a dense countable subset. It 
is clear that A„ := A fl Kn is dense in Kn for any n G N. 

Definition 2.2. For S G {0,r} we use 


Lo(f^5,Ss,Ps;C'(X)) 

to denote the equivalence- classed 0 / / : ^5 x X —)■ M that satisfy: 

1. rj ^ f{r], y) is Eg-measurable for all ?/ G X, 

2. y ^ f{ri, y) is continuous for all rj E fls- 

Definition 2.3. Let M = {Mt)t^[o,T] be a (continuous) martingale, and 
p G [l,cx)]. If 

I|m||h, = ||(m)||u^<oo, 

where 'Is the quadratic variation process of M, we say M G Hp. 

In our investigation we will need some facts concerning bounded mean oscil¬ 
lation, which we abbreviate by BMO from now on. 

Definition 2.4. Let M = (Mf)fg[o,T] be a (continuous) martingale with 
Mo = 0. If 

\\M\\luo ■■= sup \\E^-\Mt - M.| 2 ||^ = sup \\E^-{M)t - (M).||^ < 00, 

T T 

where the supremum is taken over all stopping times, we say M G BMO. 
^We identify / and g if f{g, ■) = g{g, •) for Ps-a.e. y G iis- 
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The remaining results of this section are considered on a stochastic basis 

{Si\n,¥\{nrU[o,T]) 


that satishes usual assumptions, and such that H := (?{r)re[o,T] is fhe aug¬ 
mented hltration of an n-diniensional Brownian motion B = {Br)r£[o,T], and 
all paths of B are continuous. This basis can be the one hxed in the be¬ 
ginning, but we need some of the following results on a different probability 
space as well. 


Definition 2.5. Let M = {Mt)te[o^T] be an W-martingale with Mq = 0 such 
that 

8{M) = (^(M)i)t6[o,T] := 
is an M-martingale as well, and let fd G (l,cxo). If 


:= sup 


IpRr 

8{M)t 



8iM)r 



< oo, 


where the supremum is taken over all stopping times, we sa^8{M) G 
Next we dehne BMO for processes, and introduce sliceable numbers. 


Definition 2.6. Let m G N, and assume that (cr)re[o,r] is M.-predictable, 
m-dimensional and such that 


|c||bmo(S 2 ,h) sup 
te[o,T] 


E 


\Cs\^ds\'Ht 


< oo. 


Then we say c G BMO(S' 2 , H). This is guantified using for any N > 1 

s1n(c) := inf e, 

where the infimum is taken over all e > 0 such that there are stopping times 
0 = To < Ti <■■■< tn = T with 


sup ||X(Tfe_i,Ti,]C||BMO(S2,H) < 


Moreover, we /ef si® (c) := hmN^ooSl®(c). 

Some properties that we need later are collected in; 
^TZH stands for Reverse Holder. 
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Lemma 2.7 ([151 Lemma 5.4]). 

Assume that c, Ci,C2 G BM 0 (S' 2 , H). Then one has the following: 


(i) 511^(0) — ||c||bmo(S 2 ,h)- 


(ii) 811 ^( 0 ) > sl®(c) > • • ■ > 0. 



■N1+N2 —1 


(ci + C2) < sljj^(ci) + s1JJ2(c2)- 


For our main application of sliceable numbers we introduce the function 



so that $ is continuous and decreasing, with lim^^oo ‘^(/5) = 0 and 
hm/ 3^1 $(/?) = 00. Furthermore, we let 




Theorem 2.8 m Theorem 5.8]). 

Assume that c G BMO(S' 2 ,]HI) is n-dimensional and that sl|SJ(c) < *h(p) for 



In particular, if M is sliceable, i.e. sl^(c) = 0 , then £{M) G flpeCi 00) ■ 

We end the preliminary section with an extension of Fefferman’s inequality, 
and the following conditional version. Note that here both X and Y may be 
multidimensional. 

Proposition 2.9. Assume that X G BMO(S' 2 ,]H[) and thatY = (Tr)re[o,r] ‘Is 
M-predictable and such that 



for some p G [ 1 , 00). Then 
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Proof. We will exploit the martingale-setting by considering the hrst compo¬ 
nent Bi = (i?r,i)re[o,r] of the Brownian motion B, thus receiving a standard 
one-dimensional Brownian motion, and letting 


N, : = 


I yf I dB.fl , 


M : = 


\Xr\dBf^l, 


for t G [0,T]. Then the claim follows directly from [TTl Lemma 1.6]. □ 

Corollary 2.10. With the same assumptions as in Proposition \2.fk we have 
for Cp = {\/2pY, and for all 0 < s < t < T that 





I W| 


^ Op 



f P \ 2\ 

P 

( / \Yr\^dr 1 1 sup 

/ \XY\^du 

\Js J j r-e[sa] 

Jr 


3 Weighted BMO-estimates for BSDEs 

In this section we hrst present a special case of our results, followed by the 
assumptions and main results in their most general form. Since a special 
technique is used to prove these results, we proceed by introducing the tech¬ 
nique (Section Sj) before proving the main results (Section [S]). 


3.1 Decoupled FBSDE 

Consider for a: G the decoupled FBSDE 

Xt = x+ f b{r,Xr)dr+ f a(r,Xr)dWr, fG[0,r], 

Jo Jo 

T rT 

h{r, Xr,Yr, Zr)dr — J ZfdWr, fG[0,T]. (2) 

We assume that b : [0,r] x —)■ R'^, a : [0,T] x R"^ —)■ and 

h : [0, T] X R'^ X R X R'^ ^ R are continuous, and furthermore, 

(Ab^a) There exist Lb^a, > 0 such that for all 0 < f < T and x, y G R'^ one 
has 


Ei = g{XT) + 


\b{t,x) - b{t,y) \ + \a{t,x) - a{t,y)\ 

\(T{t,x)\ 
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< Lb,a\x-y\, 

< K^. 








{Ag) There exists > 0 such that for all x, ^ G one has 

\9{x) -g{y)\ < Lg\x-y\. 

{Ah) There exists > 0 such that for all 0 < f < T and x,, Zi G y* G M, 
i = 1, 2, one has 

|/i(f,xi,yi,zi) - h(f,X2,y2,^2)| < Lh{\xi - X2I + \yi - ^2! + - ^2|)- 


In particular we then have for some Lh, Kh, Kt, > 0 that 

\h{t,x,y,z)\ < Kh + Lh{\x\ + \y\ + \z\), 

\b{t,x)\ < Kb{l + \x\), 

for all (f, x, y, z) G [0, T] x x M x Also, with these assumptions there 
exists a unique solution (y, Z) to FBSDE ([2]) (see e.g. O Theorem 4.2]). 


Our first result, a weighted BMO-estimate, is a consequence of Theorem 13.101 
The main application is our second result, a general tail estimate. 


Theorem 3.1. Assume {Af,^a), {Ah), and {Ag), and let p > 2. Then there 
exists C ||32 > 0, depending at most on {T, d,p, Lh, Lg, Kb, K„, Kh), such 
that for all 0 < s < t < T and all stopping times r : O —)■ [s, f] we have 


( 

\yi 

-K 

p 

Vi + I 

Xr 

p{t - 

r)pp 





Proof. See Section EH] below. 


□ 


Theorem 3.2. Assume {Ab^a), {Ah), and {Ag). Then there exists c > 0 such 
that for any p>2,0<s<t<T and any stopping time r G [s,t] we have 


P 


B 


sup 


\Y —Y 


e[r,t] c^\/t - s 


> A + cpu 




iy — y I 

r* ji ^ t\ 

sup - 

,ue[r,t] CJXTIl \/t — s 



+ cPs 


sup |X„ 

U£[T,t] 




u 


> K 


) 


for all X, fi,n > 0, and all B E of positive measure. 

Proof. See Section EHl below. □ 


One might ask if it is necessary to use the theory of weighted BMO; wouldn’t 
traditional BMO suffice? As it turns out, the weight process of Theorem 13.11 
is sharp: 
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Example 3.3. Let d = l,b = 0,a = 1, h{t, x,y, z) = x, and g{x) = x, and 
let Y be the solution of BSDE ([2]). Then for all p > 2, all 0 < s < t < T 
and all stopping times r : [s,t] we have 


E 


IE - E. 





This holds, since for all r G [0,T] we have 


E = E-^"- 


lEr+ / Wudu 


= Wr{l + T-r), 


so that for any stopping time r G [s, t] we have 


E-^"|E-E,|" = E-^-|lE(l + E-t)-lE,(l + r-T) 

= {t-T){l+T-ty + \Wr\\t-Tf 

> (t-T){i + m\t-T)). 


Since f > 1, we deduce 


E-^"IE -Yr\P > [E-^-IE - E^|2]^^^ 

> [{t-T){l + m\t-T))Y^^ 

> {t-Ty/Yl+\Wr\P{t-TY/Y- 


3.2 BSDE 

Now we consider a BSDE of type 

E = e+ rf{s,Y,,z,)ds- rZsdWs, te[o,r], (3) 

Jt Jt 

where ^ is J^j’-measurable, and / G Our strategy is 

to impose conditions on the gradient process Z in order to get an Lp-solution. 
Namely, we assume that there exists a solution to BSDE ([3]) satisfying for 
some p G [2, oo) and 6 G [0,1]: 

(Cl) The process E is (J>)re[o,T]-adapted and path-wise continuous, and the 
process Z is (J>)re[o,T]-predictable. 

(C2) There are Ly, > 0 such that for all (t, w, Pq, yi, Zq, Zi) one has 

\f{t,uj,yQ,Zo) - f{t,uj,yi,zi)\ 

Y Ly\yQ — 2/i| + Lz\\- + I^tqI + |2;i|]^|^o ~ Zi\- 
^i.e. g I—>• f{g,x) is P-measurable for all x G 
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(C3) /„^|/(s,0.0)Mse4. 
(C4) (S„^\Z.\Hsy € £,. 
(C4') e £p. 


Assumption (Cl) is here to emphasize the measurabilities; later we use it 
also with a different hltration. Assumptions (C2) and (C3) are conditions on 
the data of the BSDE, implicit conditions on the gradient process are (C4) 
and (C4’). 

Lemma 3.4 ([151 Lemma 6.2]). Assume that (C1)-(C4) and (C4’) hold for 
some p G [2, oo) and 9 G [0,1]. Then 



Another implicit condition is the following "fractional BMO-assumption": 
(C5) We assume that 



and hx a non-increasing sequence s = {sn)n>i ^ [0 , cxd) such that 

sl^(|Z|^) <SN, 


and put Soo := limAr^oo Sn- 
First we show that using (C5) we may drop (C4’): 

Lemma 3.5. We have the following relations for all p G [2, oo).' 

(i) If9 = 0, then (C5) holds, and (C4) ^ (C4’). 

(ii) If 9 = 1, then (C5) ^ (C4’) ^ (C4). 

(hi) If 9 G (0,1), then (C4) (C4’). 

Proof, (i) is obvious and (ii) follows immediately from John-Nirenberg in¬ 
equality m Theorem 2.1]. Proposition I2.9l apphed to X = \Zf and Y = \Z\ 
implies (hi). □ 
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Later we will use assumption (C5) together with reverse Holder inequalities 
to handle a quadratic or subquadratic drift term in Theorem I3.1UI The case 
Soo = 0 plays a special role, as then Theorem 12.81 implies that a certain 
martingale satishes the reverse Holder inequalities for all indices q G (1, cxd). 
If Soo > 0, we will only have the reverse Holder inequalities for q G (1,cxd) 
that are small enough, and this is why we need to assume more integrability 
than in the case Sqo = 0 (this is made precise in Assumption (C8) below). 
It holds Soo = 0 at least if 6* = 0, or if there exists an G {6, 1] such that 
IZI'^ G BM0(S'2) (see [I5l Remark 6.5]). 

Convention 3.6. //(/, H, Z, (J>)j.g[o,r]) satisfy (C1)-(C5) for 6 G [0,1] and 
p G [2, oo) and there is no risk of eonfusion, we say that (C1)-(C5) are 
satisfied for 9 G [0,1] and p G [2, oo). 

Example 3.7. 

(i) Assume that f satisfies (C2) and (C3) with 6 = 0 and p > 1, and 

that ^ E Lp. Then there exists a unique solution {Y, Z) of ([3]), and 

(C1)-(C5) are satisfied with 6 = 0. This follows for example from 
Theorem 4-2}. Note that since 6 = 0, we have Soo = 0. 

(ii) Assume that f satisfies (C2) and (C3) with 6 = 1 and p = oo, and 

that ^ G Loo- Then there exists a unique solution {Y, Z) of ([2]), and 

(C1)-(C5) are satisfied with 6 = 1 and all p G [2, oo). This follows for 
example from Theorem 2.6 and Lemma 3.1 ]. 

Finally we have the main assumption of this paper. We assume that ^ and 
/ satisfy a certain weighted BMO-condition on a subinterval [s,t] C [0,r]. 
This is used in the following way: if the assumption holds on an interval [s, t], 
then on this interval we will have that the solution of our BSDE belongs to 
a weighted BMO-space, giving us a tail estimate. 

Assumption 3.8. There are 0 < s < t < T such that there exist cddldg su¬ 
permartingales {wl^s,u,t)ue[s,t] and {wl^s,u,t)ue[s,t], which satisfy for any 


u G [s,t], 




^Existence and uniqueness of such process is proven in Proposition IH.HI 
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For more insight into this assnmption one shonld read its reformnlation, 
Assnmption 15.31 and the preceding Section m At this point it is perhaps 
helpfnl to note that the solntion of FBSDE ([2]) satishes this assnmption with 
very simple processes w-^ and The proof is again postponed to Section [5l 

Lemma 3.9. Assume and {Ag). Then assumptions (C1)-(C7) 

hold true for 6 = 0, all p ^ [2, oo), and all 0 < s < t < T. Moreover, there 
exists C(| 3 j]| > 0 depending at most on {T,d,p, Lg, Lh, Lb^a, Ko^) such that we 
may choose 

= wis,u,t = 

for allO<s<u<t<T. 

Proof. See Section [5T] below □ 

Here is the aforementioned restriction imposed by (C5): 


(C 8 ) 


If the nnmber Soo in assnmption (C5) satishes Soo > 0, then in the 
assnmptions (C3),(C4),(C6) and (C7), the constant p G [2, cxo) satishes 
additionally 


$-H2^/2L^goo) 

$-i(2\/2L,Soo) - 1 


e (l,oo). 


Now we formnlate onr main BMO-estimate: 


Theorem 3.10. Assume (C1)-(C8) for 9 G [0,1]? P ^ [2,oo) as mentioned 
in (C 8 ), and for some 0 < s < t < T. Then there exists C iixToli > 0 depending 
at most on (T, d,p, Ly, Lz, {sN)NeN) such that for any stopping time a G [s, t] 

(4) 


where 


w 


p 

p,s,u,t 




ft \P 

|/(r,0,0)|dr 




l/(A0,0)|dr 


Proof. See Section below 

The main application of Theorem I3.1UI is the general tail estimate: 


□ 
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Theorem 3.11. With the same assumptions as in Theorem \3.1(A there exists 
c > 0 such that for any stopping time a E [s, t] one has 


Fb I sup ^ > A + j < '^Fb ( sup ^ > A 


+cFb ( sup Wp^s^u,t > V 

WG[(T,t] 


for all > 0, and any B E Ta of positive measure. 

Proof. See Section 15731 below 


□ 


4 A couple of coupling results 

Here we recall the coupling operators introduced in [15], as well as some of 
their properties proven there. These operators are dehned for random objects 
based on 12, see o below, but in the end of this section we show how we 
can still gain conditional estimates in the original probability space (12, iF, P). 
These results are crucial in proving Theorem I3.1UI 

4.1 Setting 

Recall the stochastic basis (12, P, (J^i)ig[o,T]) fhat was hxed in the beginning 
of Section |21 Our fundamental random object is the Brownian motion W = 
(lTt)tg[o,r]; but for our coupling technique we also need to have a Brownian 
motion W' that is independent of W. Thus we proceed as follows: 

1. Fix another stochastic basis 

(o',.F',r,(j-;),g[o,T]) 

that satishes the usual assumptions, and in particular F' = is 

the augmented natural hltration of a standard d-dimensional Brownian 
motion W' = (hF/)te[o,r]; where all paths are assumed to be continuous, 
and = J^'rp. 

2. Let _ 

Tt:=VtxVt\ P ;= P X P', y := B ® . 
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3. Extend the Brownian motions W and W canonically to hi, that is, 


W{uj,uj') := W{uj), 

W\uj,uj') := W’{u'). 

The augmentecil natural hltration of the 2d-dimensional Brownian mo¬ 
tion {W, W) is denoted by F = (J^ 4 )ig[o,r]- 

Hence, working on the probability space (hi, P), we have two d-dimensional 
independent Brownian motions W and W. 

Fix a Borel-measurable function ip : (0,T] —)■ [0,1]. We dehne another stan¬ 
dard d-dimensional Brownian motion by 

wr := r Vl - + r ip(u)dw:, t e [0, T], 

Jo Jo 

and assume again continuity of all trajectories. The augmented natural hltra¬ 
tion of W'^ will be denoted by and the predictable a-algebra 

on the stochastic basis (hi, P, by ■ Moreover, we use 

for H([0,T])® 

Denoting the function (p = 0 simply by 0, we have that and (the extension 
of) W are indistinguishable. Since contains all P-nullsets, it follows that 
(J^°)fg[o,T] and the augmentation of a{Wr,r G [0, f])ig[o,T] coincide. Thus, we 
may agree to use for the extension of W, and similarly we use for 
the extension of W. 

4.2 Decoupling operators 

Now we summarize how the underlying Brownian motion of certain random 
objects is changed from to W‘^. The fact that our procedure is well- 
dehned is not proven here; all the proofs can be found in [T5] . 

1. For ^ G take the canonical extension ^ G IP), and 

consider the corresponding equivalence-class of J^^’-measurable random 
variables ^ G Lo(D, J^°,P). 

2. Letting {gn)nm : D —)■ M be the family of hnite differences of 
generated by Haar functions, there exists a a{gn,n G N)-nieasurable 

e°Ge 

^Whenever we augment a filtration in 17, we augment it by P-nullsets. 
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3. Defining J : D J{r]) = {9n{v))nm, there exists a random 

variable ^ —)■ M so that can be factorized throngh 

: n 4 4 M. 

4. Dehning analogously, but using instead of W^, we have that 

is a well-dehned a{g‘^,n G N)-measurable random variable. 

5. Finally, we let G Lo(D,-F‘^,P) be the equivalence-class that contains 
all J^'^-measurable random variables that are P-a.s. the same as 

It should be pointed out that the factorization and the approach used here 
is distributional, and does not require continuous paths or a gaussian distri¬ 
bution. As such, the approach might be useful also in other situations. 

The procedure for X G £o(^T) P-Tj Pt) is basically the same; we change 
the randomness, but do nothing to the time component. We end up with 
A‘^GLo(nr,S^,PT). 

Our approach is strong enough to preserve continuity: Given S G {0, T} and 
/ G £ 0 ( 05 , S 5 , P 5 ; G(XD we dehne f‘^ G ^ 0 (^ 5 , Eg, P 5 ; C'(X)) by taking the 
continuous modihcatioqj of {f{x)'^)x£X- 

4.3 Basic properties 

Usually we identify equivalence-classes and representatives, but we do make 
an exception when it is not clear with respect to what cr-algebra the equivalence- 
class is taken. 

Even though our approach is quite "light", it is strong enough to preserve 
the structures that are relevant to our study. Predictability and adaptedness 
are transferred in the following sense: 

Proposition 4.1 f |151 Lemma 3.1 and Theorem 2.8]). 

(i) If ^ E £o(^)-Pt)P) for some t G [0,r], then all representatives of 

G Lo(D, J^‘^,P) are Xf -measurable. 

(ii) If f E £o(^T 5 "Pi Pr; C'(X))0, then there is a V'^ -measurabl^ represen¬ 
tative of f^ E Lo(nT,S^,PT;G(X)). 

(hi) IfY E £o(^^,-P,P;C'([0,r])) zs [Q^T]- adapted, then all representa¬ 

tives ofY-^ E Lo(D, P; (^([O, T])) are {iFf)t£[o,T]- adapted. 

^Existence of such modification was proven in m using a "relative" of Proposition [^31 
^i.e. r] I—>■ /(? 7 , x) is P-measurable for all x G X 
®i.e. r] I—>■ fr(r]^x) is P‘^-measurable for all a: G X. 
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We summarize some further properties proven in |l5j : 


Proposition 4.2 im Theorems 2.6, 2.11, and Lemma 3.2]). 

Let N ^ N, g : —)■ M a Borel function, S G {0,T}, X,Xi,... G 

Y G £i(fiT,ST,PT), / G crisis,and Z G 
C 2 {LIt,VT hen 

(i) X = X^. 

(ii) {g{X,,...,X^)Y = g{Xt,...,Xl). 

(hi) (/(Xi,...,X^))^ = r(Xf,...,X^). 

(i^) (/o^ ^i^)^[!f\Y{s)\ds<oo}dtY = fo^ ^‘"(i)^{fflY^(s)lds<oo}di- 

(v) ( Jq Z(t)dWt] = /g Z‘^{t)dWf^, for any predictable representative of 

z‘^E 

(vi) Let X G £o(^t, StjPt) o,nd Y G £o(^t, S^,Pt)- If there is a null-set 
M C [0, T] with Y{t) = X(f)^ /or all t G [0, T] \ U, then Y = X^. 

The following is a direct consequence of Proposition I4.2f iii : 

Corollary 4.3. Let f,qG CJUt, St, Pt! C'(X)), and h : M —)■ M continuous. 
Then (/ + gy = f^ + g^, and hof^ = {ho f)^. 

Also, for example, local Lipschitz-behaviour is preserved; 

Lemma 4.4 m Remark 3.4]). 

Let N E N and f G £o(^r,^,Pr; C'(P^))- If there exists a continuous 
H : X —)■ [0, cxo) such that 

l/(^,a;o) - f{,g,xi)\ < H{xo,Xi) 

for all {g,XQ,Xi) G Qt x then there is a -measurable representative 
of f‘^ such that for all (g,Xo,Xi) G fir x 

\F{v,xq) - f'^{g,xi)\ < H{xo,xi). 


®By Proposition 14.If ib there exists such a representative. 
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For the sake of completeness, we give a result that was not formulated in 

ng: 

Lemma 4.5. Let cr : hi —)■ [0,T] be an {J^r)r£[o,T]-stoppmg time. Then there 
exists a representative of that is an {J^f)re{o,T]-stopping time. 

Proof. Proposition 14.2f ii implies that ||cr‘^||oo = ||o'||oo, so we fix a representa¬ 
tive cr'^ such that a‘^{u) G [0, T] for all ca G hi, and let r G [0, T]. Proposition 
I4.2f iii implies that we have for any representative of (l{o-<r})‘^ that 

P({(l(,<.,r=l}n{a«’<r})=l. 

The results follows from Proposition I4.1f ii and the fact that iff contains 

Jf. □ 


Our next result states that if we have a strong solution of an SDE in the hrst 
space, then changing the randomness of the solution results into a strong 
solution of another SDE. Naturally, the randomness of the data is changed. 
Note that we do not assume uniqueness of the solution. 

Proposition 4.6 ([151 Theorem 3.3]). 

Assume that /, gi G Co{LIt, V, Pt; Zi G Co{LIt, V, Pt), i = 1, ..., d, 

that Y G £o(hl, P; CdO, T])) is {J^t)t&[o,T]-o-dapted, and that 


E 



|/(r,y„Z,)|dr + 



\g{r,Yr,Zr)\^dr 


< oo. 


If f E £o(hl, P), and 


T fT 

f{r,Yr,Zr)dr- / g{r,Yr,Zr)dWr (5) 

J u 

foru G [0,r], P-a.s., then fixing any predictable representatives of f‘^,gf,Zf, 
and {iFf)t^[Q^j’]-adapted (continuous) representative ofY'^, we have 



E 



\r{r,Y;^,Zf)\dr + 



\g^{r,Y)^,Zf)\^dr 


< oo, 


and 


yu^ = e+ r{r,Yf^,Zf)dr 


g^{r,Yf’,Zf)dWf 


for u G [0, T], P-fl.s. 


( 6 ) 
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4.4 Conditional results 

We start with a nice observation; 


Lemma 4.7. Let W G £i(t2, W, P) and u G [0, T], Then¥-a.s. 


E 




T 

7 / 


= E 




-pip 
^ U 


Proof. Proposition I4.ir ii implies that there is an J^^-measurable representa¬ 
tive of (E [W I so we need to show that for all G 




V — 

dF 





and using 7 r-system theorem it suffices to consider sets of type 
A‘^ = {Wtf G G Bn} for n e N, p < u, and Bi G 

Now, with A = {Wfj G i?i,..., Wt„ G Bn] and using Proposition 14.21 we 
have 


E{1a^X^) = E{YX^) =E{1aXY = E{1aX) 


= E (l^E 

= E(l^ 




T 

'J II. 


E 


X 


Fn 


= E 


UE 


X 


F 

= E ( ( E 


X 


Fn 


□ 


From now on we will exclusively use functions ip of the form 

Xis,t] : (0, T] ^ [0,1], Xis,t] (^) = I 0 ’ if r ^ (si t] \ 

where 0 < s < f < T. To keep the notation light, instead of X^G,*] 

is used. Recall that the random object is obtained by changing the 

underlying Brownian motion to an independent one on the interval (s, f\. 
Then, if X is independent of cr(hF,? — hF°,r G (s,t]), we ought to have 
= X. In what sense this is true, is answered next. 
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Proposition 4.8. Let 0 < s < t < T, and define the sigma-algebras 


gt ■- a{W^,r e[0,s])y a{W°-W^fir e[t,T])\/Af, 

M ■■= Bi[0,T])®gl, 

where 77 are the ¥-nullsets. Then 

(i) for any X e LfiUT, 

(ii) E^^q; = for any a E Li(f2,X°,P), 

(iii) a E for any a E Co{Q, 

(iv) X e X(^’*] for any X E £o(^t,'^,Pt), 

(v) / e for any f E £o(nT,^,PT; C'(X)). 

Proof. First we let 

{Qiy ;= a{w!:^’^\r E [0, s]) V r G [t, T]) V If. 

Then, similarly as in Proposition I4.1i il (i.e. [T5l Lemma 3.1]), we have that 
a E £o(^;^s)P) implies E Lo{Ll, (^*)^,P). Since by dehnition 

( Wf : 0 < r < s 

= <^ W^ + Wf-Wf : s<r<t P-a.s., 

[ + {Wl-Wf) + {W^-Wf) : t<r<T 

it follows that 

P (ipP’*] = vpo ^Yi r E [0, sj) = 1, 

and 

P = 1P° - VF° for all r G [f, Tj) = 1, 

so that {Qiy = Ql. 

(i): We need to prove that 

I Xdfr = I 

Ja J a 

for all A E PUg. By linearity of the decoupling-operation we may assume that 
X > 0, and it is enough to consider A of the form 

(r,W):= (r, IT” -W ,- ^p) e Bt x B2, 
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where n,m ^ N, 0 < Si < s < t < tj < T, 0 < r < T, and 
Bi e B{[0,T]), B 2 G Letting Y{r,uj) := x_BixS 2 (’") ^('^)) 

have Y G £oo(^r, Pr), and Y G becanse of Proposition I4.2r iii and 
(vi). Thns 


XdFr = / XYdFr = / 




(ii) : Can be shown similarly as (i). 

(iii) : First let a G £i(r2,^*,P), and £x a ^‘-measnrable f3 G Since (ii) 

implies P(a = /?) = !, we have that a G For a G £o(^, Gl, P) the claim 

follows from the fact that for all G N 


(TV A a V (-A^))(*’*] = N A V (-A^). 

(iv) : If X G £o(h^T, "H*, Pt), then by Fnbini’s theorem X{r) G £o(hl,^i,P) 

for all r G [0, T], Since Wg C the claim follows from (iii) and Proposi¬ 

tion l4.2f viL 

(v) : Follows directly from (iv) and the dehnition of □ 


We want to dednce conditional estimates for random variables dehned on 
the probability space (hi, W, P) from estimates obtained nsing the conpling- 
techniqne. In this respect, the following resnlt is vital: 

Lemma 4.9. Let p >l,t)<s<t<T, and ^ G £p(r2,W°,P). Then 

- E^^\P < E^l^ - (7) 

Proof. We know from [151 Lemma 4.20] that for any X G £^(12, W°,P) 

^||X - < ||X - E^Xjlp < ||X - (8) 

Let A E snch that P(24) > 0. Using Propositions I4.2f iil and I4.8f iiil we 
have 

= X.4E«e, 

so that applying eqnation ([H]) with X = ^xa implies the claim. □ 

Applying E"^” on eqnation ([7]) we have: 

^E-^-1^ - |P < E-^” 1^ - E^^|P < E-^-1^ - |P. (9) 
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Remark 4.10. Lemmacan be applied to show that conditional quantities 
(based on 12) and conditional quantities defined through decoupling (based 
on 12) are equivalent; Let ^ G £p(12, P) and \1/ G P), and denote 

their canonical extensions by 4', respectively. Then ^ G £p(12, P), and 

the canonical extension of is P-a.s. equal to 

Thus, it follows from Lemma [4.91 that 

^ ^ < T ^ < 2PT. 

The same idea applies also for the generator-quantity. However, because 
the result corresponding to Lemma 14.91 is more technically involved, we only 
mention that the following is a consequence of Proposition 16.81 

Corollary 4.11. Let q>l, 0<s<t<T, and assume that 
f G £o(f^T, ^T) C(R'^’''^)) satisfies (C2) with 9 G [0,1], and (C3) with 

p = 1. Then P-a.s. 

- T 

sup |/(r,x) 

~29 E^° ( f sup |/(r,x) 

\J s 

whenever either side is in Li(12, P). 

5 Proofs of main results 

We will prove most of our main results using the technique introduced in 
Section m which means we will be working in the probability space (12, W, P). 
The assumptions (C1)-(C7) are imposed in the probability space (12,W,P), 
but then they hold, in the proper sense, also in the probability space (12, W, P). 
It is quite straightforward to handle (C1)-(C5): 

Lemma 5.1. Assume that (/, Y, Z, (J>)re[o,r]) satisfy assumptions (C1)-(C4) 
with constants {6,p, Ly, Lz). Then (/^^’*1, (Wr^’* )r.g[o,T]) o,nd the 

canonical extensions (/, H, Z, (J^)?)r6[o,T]) satisfy assumptions (C1)-(C4) with 
constants {6,p, Ly,Lz). 

Proof. That (C1)-(C4) are satisfied by the canonical extensions is trivial, 
and that they are satisfied by (Wr*’*')r6[o,T]) follows from 

Propositions 14.1114.21 and Lemma 14.41 □ 



_ f(«4] 


fir, x)\dr 


(E^“/)(r, x)\dr 
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Lemma 5.2. Assume that {Z, (J>)j,g[o^r]) satisfy assumption (C5) with pa¬ 
rameter 9 G [0,1]. Then {iFr)re[o,T]) o-nd (Z, (J^j,)re[o. T’]) satisfy as¬ 

sumption (C5) with parameter 6. Moreover, we /iave sl^(|Z^®’0|®) < s 1 n(|Z|®) 
and sl^(|Zn < slN(|Zn for all iV G M. 

Proof. We apply Lemma 16.21 below with Q ■.= a {Wr — Wt, r G [t, Tj) and 
Q 2 '■= Choosing Qi := iFf, Lemma 16.21 implies that (C5) holds for 

(Z, (J'r)r-e[o,T])- As for (J'r)r-e[o,T]), choosing Qi ;= in Lemma[0 

and nsing Lemma IL7I together with Proposition I4.2f fiil and (iv)), we dednce 
for all t G [0,r] and all (J>)re[o,T]-stopping times a, r, that 




| 26 » 


X{<,,T]{r)dr 


(s,t] 


_ / pT \ (»>*] 

E-^‘ |Z,|2^X(.,.](r)drj 


According to Lemma Sfol we may assnme that and rC’^l are (.Ar^’*^)rg[o,T]- 
stopping times, so the resnlt follows. □ 


The following is the connterpart of Assnmption 13.81 


Assumption 5.3. There are 0 < s < t < T such that there exist cddldg 
{Fr)reio,T]-supermartingales whose canonical extensions (wl^s,u,t)u£is,t] and 
i'^is,u,t)ne[s,t] satisfy for any u G [s,t] 

(C6) 

(C7) E-^° (^fjsupy^^ lf(r,y,z) - f(^’*^(r,y, z)jdry < wl,^s,u,f 

It is immediate from Lemma 14.91 and Corollary 14.111 that Assnmptions 13.81 
and 15.31 are eqnivalent, and the corresponding weight processes differ by a 
mnltiplicative constant depending only on p. 


5.1 Proof of Theorem 13.1 

Proof of Lemma 13.91 

(C1)-(C5) Follow from [5l Theorem 4.2], since {Ah) implies that (C2) holds with 
6 * = 0, {Ah^cr) together with {Ag) implies ¥\g{XT)f' < 00 , and 

together with (Ah) implies E f |h(r, X^., 0, 0)|(ir j < cx). 
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(C6) Let 0<s<u<t<T. Using Proposition I4.2r iii we have that 

and Proposition 14.61 implies that is the solution of 

X^'l=a:+/' / a(n, re[0,r]. 


Continuing with Lemma 16.11 we have 


(C7) Let We notice that Proposition 14.21 implies 

Using {Ah) and Lemma [6.11 leads to 


I 




< E-^° 


sup \h{r,Xr,y,z) - h{r, z)\dr 

’0 y,z y 

- XAdr) < T'LiC^t - uy>\ 


Hence Assumption 15.31 holds for all 0 < s < f < T with 

= "dfp,s,u,t = C^{t - 

where C depends at most on (T, d, p, Lg, Lh, Lb,o-, K^). 


□ 


Proof of Theorem 13.11 

Because of Lemma 13.91 we may use Theorem 13.101 to obtain for any 
0 < s < f < T and any stopping time r G [s, t] 

,-i.r 2d’^(t-TY'^ + E^’ (J‘\h(r,X„0,0)\dr 


E-^UU,-W|P <^P 


+ (f-rfE-"^U(ATr+ / \h{r,Xr,0,0)\dr 


Using {Ag), {Ah) and the fact 

E-^" sup < C'^’(l + 


T<r<T 


where C depends at most on {T,p, Kh, K„), we can go further and write 

E-^^|17 - Wr < [1 + \x,\P(t - r)^/ 2 ] . 
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5.2 Proof of Theorem 13.10 


In this section we deduce an upper bound for — Y„\^, where 

cr : n ^ [s,t] is any stopping time, and 0 < s < t < T are such that 
Assumption 13.81 is satished. 

Our procedure consists of the following steps: 

1: Let 0 < s < f < T, n G [s,t], and consider the decomposition 

(E-^“ \Yt-Yjf)< (E-^" I Yt - E-^“ Yt |^) + (E-^" |Yu - E'^'' Yt |^) 

=: + ll'Y ( 10 ) 

2: With the assumptions of Theorem I3.10[ Proposition 15.41 together with 
Lemma 14.91 implies 

where > 0 depends at most on (T, d,p, Ly, {sn)p^). 

3: With the assumptions of Theorem 13.101 Proposition 15.61 implies that 

-^2 < 

where > 0 depends at most on {T,d,p, Ly, L^, {sn)n)- 
4: In the end we extend the result to stopping times. 

The next Proposition is a conditional version of |15l Theorem 6.4]. Since 
the technique is already well-known, see e.g. P Proposition 2.3], we will not 
present all the details (these can be found in [ 12 ]), but only those parts that 
are of concern for us. Note that Assumption 13.81 is not needed for this result. 

Proposition 5.4. Assume (C1)-(C5) and (C 8 ) for 9 G [0,1] and p G [2, cx)) 
as written in (C 8 ). Then for any Q < s < t <T and u G [0, T] we have 

E^“ sup 

+E^- (j^ l,.,,|(r)||Z,|" + \Zi‘A\^] + [1 - l(.,,](r)||Z. - Zl*'‘l|Ur 
where > 0 depends at most on {T,d,p, Ly, L^, {sn)n) ■ 


P 
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Proof. Note that we assume (C1)-(C5) for random objects based on Lem¬ 
mas EH] and [32] then imply that assumptions (C1)-(C5) also hold for the 
required objects based on We £xO<s<f<T and let for r G [0, T] 


AW 

AZr 

A/. 

Or 

br 

Cr 


Y — 

j. r r ? 

/(r,y;,Z,)-/M(r,n'‘’‘',ZM), 

f(r,Yr,Zr)-Y‘'(r,Yr,Zr), 

/(■•‘l(r,K,Z,)-/‘‘'‘l(r,Fy',Z,) 


AW 


L{|Ayq>o}, 


(r, W) - (r, 


|AWP 


l{|Azq>o}AW, 


|A^| / |ar.|dr. 


It follows that |6j.| < Ly, and since 


AZr\^ = l(,,i](r)[|Z^'f + |Wp] + [l-l(MW]l^^*'-^r.|' 

I _ 7 |2 

ZJr- 

> 

2 


we also have |cr| < \/2L^(l-|- |W|^+ \Zr^’^\^) for all r G [0,T]. It then follows 
from Lemmas 12.71 and 15.21 and assumption (C5) that 


s4(c) < V2L.(4(1) + s1'(|Z|‘') + s1'(|ZM|‘')) 
< \/2Lj f + 2sAfJ . 


In case Sqo > 0 we now pick q > 1 such that < -W < P, 

and in case Soo = 0 we pick, for example, q = \. In both cases we have 
^{q) > 2\/2LzSoo > slj^(c). Hence, letting Mt := j^CrdWr for all 
t G [0,T], we have from Theorem 12.81 that Tl'H^{S{M)) < < oo, 

where the constant depends at most on {q,9, Lz, {sn)n,T). Letting 

diz := S{M)TdF we have by Girsanov’s theorem that 

W* = (IW;),6[o,r] := (Wr - [ Cudu) 

\ Jo / re[o,r] 
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is a standard z^-Brownian motion, and we have 


AYu = + / [or + brAYr]dr 


AZrdW; 


for all u G [0,T], P-a.s. Applying Ito’s formnla and Holder’s inequality we 
deduce 


|AK,| < 


g:(sjv)j' 


E' 


Tu 


1 

\q' \ 7 


^u\ ) 


with q' = Letting A G Tu, Doob’s maximal inequality implies 


sup |Ah^| 

rG[u,T] 




( 11 ) 


with Cp^gf := e^^yCq^i^sN)N ( ^ ) • Furthermore, we have 


\AYrAfr\dr < Cy sup lAF^P + - 

r&[u,T] 2 


n 2 


lor-ldr 


+ / \AYr\\AZr\\Cr\dr, 


with Cy = [1 + TLy\. Using Ito’s formula then implies 


\AZr\^dr < |AeP + 2 


< 


+ 2 


AYrAZrdWr 


AYrAZrdWr 


+ 2 / \AYrAfr\dr 


+ 2Cy sup |AU,| 

rG[u,T] 


+2 / IAU-IIAZr| |cr.|dr. 


Applying Proposition 12.91 we deduce 

rT 

E ( / lyi|AU-IIAZ^I|cr|(ir 


P 


P 

2 p 

2 


P 

T \ ~ 

=,E( / UlAYrl^lAZrl^dr) , 


^ ^ \/2 J ^'^"bmo(S2,f) 
and the Burkholder-Davis-Gundy inequality implies that for any 7 > 0 
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E 


lA^^YrAZrdW, 


< ( sup \AYr\nA 

r&[u,T] 

+ %^E ( [ UlAZrl'^dr'' 
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Putting all these estimates together, we have that there exist constants 
C = C{9,d,p,q,'y, Ly, Lz,T, {sn)n) and c = c{d,p, L^^T, {sm)n) such that 


rT \ 2 

|2 


1a / \AZrfdr 




7 


rT \ 2 

|2 


1a / \AZrfdr 


so the result follows by choosing 7 > c. □ 

Remark 5.5. It follows that assumption (C7) can be weakened to: 

(CT) (Jj |/(r, i;, Z,) - n. ZAdrV < 


where inside the conditional expectation we have the canonical extensions of 
these processes. 


Proposition 5.6. With the same assumptions as in Proposition S.f, and 
assuming that Q < s < t < T are such that (C 6 ) and (C7) are satisfied, we 
have for any u G [s, t] that 

IIbMO(52,F) ~ + '^P,s,u,i^ 


\f{r,0,0)\dr ] + (t - n)PE'^“ ( |^| + / |/(r, 0 , 0 )|dr ) , 


+ E-^“ 

where Ciis^ji > 0 depends at most on (T,d,p, Ly, L^, {sn)p^) . 
Proof. We have directly 


E-^“|K, - E-^“17P = E-^“ 


< E-^“ 


< CpE^^ 


E-^“ / f{r,Yr,Zr)dr 


|/(r, 0, 0)1 + Ly\Yr\ +L,[1 + \Zr\]^\ZMr 


|/(r, 0 , 0 )|dr + L^it - uY sup \Yr\^ 


rG[u,t] 


+Ll{ I \ZMr] +Ll 

Li 
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ii+e 


dr 





















With the same proof as that of Proposition 15.41 one can upper bound the 
second term by 


C{t-uyE^-(\^\+ I |/(r,0,0)|dr 


where C > 0 depends at most on (T, d,p^ Ly, L^, {sp^)n). For the third term 
we may apply Proposition 15.41 and Assumption 13.81 to deduce 





< 


(t - 


\Zr\‘^dr 


p/2 


For the last term we use Corollary 12.101 Proposition 15.41 and Assumptions 
13.81 and (C5), to deduce 







< 

< 


Cp sup 

r^[u^t] 




Z^l^^dv 


E 

2 


E-^“ 


CX) 



Cp|lx(u,t] \Z\ 


IIP 

IIbmo(S2,f) 



+ w. 


f 

p,s,u 



E 

2 


□ 


Now we extend this result to hold for stopping times. 

Proof of Theorem 13.101 

(i) Assume that (C1)-(C8) hold for 9 G [0,1]) P ^ [2)Oo) as in (C 8 ), and 
0 < s < f < T are such that Assumption 13.81 is satisfied. It follows directly 
from Propositions 15.41 and 15.61 that there exists C > 0 depending at most on 
{T,d,p, Ly, L^, {sn)n), such that for all u G [s,t] 

Since ()cls „,()«e|s,(] nnd (n'G „ are siipermartingales, it follows that 

{Wpg^u,t)u€[s,t] as well is a supermartingale. Applying [HI Theorem 3.13, 
page 16] on E-^“ |/(r, 0 , 0)\dr, we deduce that has a cadlag 

modification, to which we will switch without changing the notation. 

(ii) Assume that cr : hi —)■ {si,..., s„} is a stopping time for some n G M, 

s < Si < • • • < < f. From step (i) we know that for alH = 1,..., n 
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Now we have for any A G Jv that 


[ \Yt-Y^\PdF = ^ [ 
Ja Ja 


< 


J Ar\{a=Si 

\Yt-Y^\PdF 

\ 

'L, 

J An{a=Si 

\Yt-Y,^\PdF 

1 

:Z, 

J An{a=Si 

\ 

■ 

Cw^p,s,a,td'^ 

1 



Consequently 


E^^\Y-YJP < CvjP 


— ^p^s,cr,t‘ 


(iii) Let cr : hi —?■ [s, t] be a stopping time, and let (crji)„gN be a sequence of 
stopping times such that an{u) cr^u) for all a; G hi, and : hi ^ [s, t] has 
a hnite range. By step (ii) we know that for all n G N 




( 12 ) 


Consider now the martingale 


(m;) 


re[s,t] 


:= E 






J / r-ep,t] 

By Optional stopping, and the fact that cr < (Jn <t for all n G M, we have 


E 


m: 




= Ml 


Moreover, using Optional stopping and the fact that (Wp ^ and 

{''^p,s,u,t)u€[s,t] are right-continuous supermartingales, we deduce 

Now, taking E'^'^ on both sides of flT^ . it follows that 

Since Y is right-continuous, we have for any A E IFa that 
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E 


\Y,-YJP 


J^rr 


dF = / \Yt-Y^\PdF 


\im\Yt-Y^JdF 


= lim / \Yt-Y^JPdF 

< lim [ 

^ Ja 


where we used dominated convergence, notice that 

lA\Yt-Y,J <Ia2^ sup inr eLi. 

re[0,t] 


□ 


5.3 Proof of Theorem 13.111 


As mentioned earlier, Theorem 13.111 is a consequence of Theorem 13.101 and 
in the same way Theorem 13.21 follows from Theorem 13.11 The required tail 
estimate follows when we use Theorem o on suitable processes, so we will 
show that the assumptions of Theorem 17.11 follow from Theorem 13.101 
Proof of Theorem 13.111 

Fix p > 2 as described in (C8), and let 0 < s < t < T such that Assumption 
l3.8l holds. Let e > 0, u G [s, f], 6* G (0, |), and R := t — u. Dehne for r G [0, i7] 

JRr+uj 

{Yr+u - Y^)eYP 
V e, 

where Wp is the weight process from Theorem 13.101 For 0 < a < 6 and a 
hltration {'Hr)re[a,b] we introduce the notation 


Gr ■ = 

Ay. = 
Ty. : = 




a.b 


|cr : 12 ^ [a,b] 


a is a ('Hy.)y.6[a,b]-stopping 



so that in particular + u = Then the assumptions of Theorem 17.11 
are fulhlled. As the other assumptions are obvious, we will only show that 
equation f[T5|) holds. Using Theorem 13. 101 we deduce 
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sup 


< sup 


= sup 

< e. 


E 


E 


\Ar — Ao-|P 
\Yt-Y^+u\^ 


Go 


nr 

_ ^p,s,a+u,t 


V eP 


T, 


a+u 


oo 



[ \Yt - Yr\P 



E 


Xr 



V eP 




oo 


Hence we have for any u > 0, a G w B E Ga oi positive measure, that 
IPed^fl — ^ 0-1 > p') Y — A^\ > tE^o-) + IPb(^o- > 

< 6 » + Pb(^, > j/). 


Letting e —)■ 0 implies the claim. 


□ 


6 Appendix 


Our hrst Lemma is a quantitative BMO-estimate for the process X intro¬ 
duced in Section 13.11 The proof is the same as that of m Theorem 2.5]. 


Lemma 6.1. Assume {Ab^a), let 0 < s < t < T, and p > 2. Then there 
exists Q^TA\ ^ 0 depending at most on {T,d,p, Lb^a, Kf^) such that 


E 

sup \X^^'^^-Xr\P 

1 - 

K 





-sf/^ 


Proof. Using Proposition 14.61 we have 

= rb{u,Xi^’^^)-b{u,X^)du+ r a{u,Xi^^^%,,t]{u)dWl 

J s J s 

a(n,X„)l(s,t](M)dVU° 



for all r G [s,T], P-a.s. Next we let A E Xg with P(H) > 0, and dehne 
g : [s,r] [0,cx)) by 

g{v) := E ( sup ) = [ sup - Xrl^dF. 

\s<r<v J J A s<r<v 


32 


































Using basic inequalities we have for all v G [s,T] 

/ V 

g{u)du, 

where the constant C depends at most on {T, d,p, Lb^a, Ka)- The result fol¬ 
lows from Gronwall’s lemma. □ 

Lemma 6.2. Let Qi C Q 2 o-nd Q be a-algebras in (hi, P) such that 


E 


LG 


Gi 


= E 


lg 


G 2 


for all G ^ G. Then for any X G X, P) it holds 


E 

X 

GiP G 

G 2 

= E 

X 

Gi 


(13) 


Proof. Using properties of the conditional expectation it suffices to prove the 
claim for X that is G\ V ^-measurable and bounded. Letting 


n := 

Uq ;= (x-.n^ 


X is bounded and such that flT^ holds 
X = where A E Gi,G e G^ , 


we have Pin since 


E 


IaIg 


Gi 


UE 

UE 


1g 

1g 


E 

E 


IaIg 


Gi 

G 2 

G 2 


E 


IaIg 


GiP G 


G 2 


It follows from properties of conditional expectation that 

(i) PL is a. vector space, 

(ii) constants are included in Pi, 

(iii) if is non-negative, increasing, X^ G PL, and X := sup„gj^X„ is 

bounded, then X E PL, 

(iv) XY E PLo whenever X,Y ePLq. 
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Hence, the pair satisfies assumptions of |28l Theorem 2.2], which 

implies that l-i contains all bounded (T('Ho)"Hieasurable functions. Since 
V ^ C a('Ho), fhe claim follows. □ 


We need the following technical construction. By continuity of a stochastic 
process —)■ M we understand that x f{u, x) is continuous for 

all a; G 


Proposition 6.3. Let {f{x))x^x be a continuous stochastic process defined on 
a probability space (12, W, P), such that {f{x))x£K is uniformly integrable for 
every compact W C X. Furthermore, assume that there exists a continuous 
if : X X X —)■ [0, oo) such that H{x, x) = 0 for all x G X, and 

|/(a;,xo) - f{uj,xi)\ < H{xo,xi) 


for all {bj,XQ,Xi) G 12 X X X X. If Q is a sub-sigma-algebra of IF, then 
there exists a unigu^ Q-measurable continuous stochastic process 
f){x))x&x ■= igix))xex such that P (E®(/(x)) = g{x)) = 1 for all x G X. 

Proof, (i): Let A C X be a countable dense set, K be one of the sets Kn, 
and Ao := A n K. Let for n G N and u, n G Aq 


A 


U,V 


— s CJ G 


|E«(/(u))H-E«(/(„))(u.)| < 


n 


B, 


u,v 


W.<’\f(u)-f(v)\{u)< 


n 


^u,v \ 

Then x e-)■ E®(/(x))(a;) is (uniformly) continuous in Aq if and only if 


r . 

u.v 


nEN mGN u,v£Aq, 
d(u,v)< — 

so we want to show that P(12‘^) = 1. Since P(A^))'^) = 0, it suffices to show 
that 

nun Ay (14) 

nEN mEN u,veAo, 
d{u,v)<^ 

is of measure one. Let for all m, n G Aq and cn G 12 


Xu,v{(x) := \f{uj,u) - f{u,v)\. 
^®Unique up to indistinguishability. 
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Next fix n G N and pick m G N such that for all a; G and all n, n G Aq 
with d{u,v) < we have Xu^vi.^) < -• The integer m can be taken as 
follows: We use the notation (f{{xo,yo), {xi,yi)) := max{d{xo, Xi), d{yo, yi)} 
for Xi,yi G X. Since KxK is compact we have that H is uniformly continuous 
on K X K, and this implies for all e > 0 


sup 


5 > 0 


\H{z) — H{w)\ < e \/z, w ^ K X K with d‘^{z, tc)} < h i > 0. 


It also holds for all e > 0 that 


sup |(5 > 0 \H{z) — H{w)\ < e Vz, w G K x K with. d'^{z,w)} < 6 
< sup |(5 > 0 H{x, y) < e \/x, y E K with d{x, y) < S 

This leads us to choose m G N with 


0 < — < sup < h > 0 


m 


H{x, y) < — Vx, y E K with d{x, y) < 5 > . 


n 


To prove that the expression in (1141) is of measure one, we show that with 
these n and m, 


P 


(E^X„ „ < — Vn, n G An with d(u, v) < — 1=1. 




n 


m 


Assuming the contrary gives u,v E Aq with d{u, v) < — such that 
¥(E^Xu,v > -) > 0. Letting ioi k eN 


Bh :— s (u G 




n — 


1 I ’ 


we then have that there exists /cq G N such that P(i?fc) > 0 for all k > k^. 
From the fact B^. E Q we deduce for all k > ko 

-F{Bk) < [ E^Xu,vd'F= f Xu,vdF <-F{Bk), 


n — 




' Bk 


n 


which is a contradiction with P(i?fc) > 0 . Now we can define for all x G iL 

limx„^., E®(/(x„))(a;) : a; G 

qixiiu) := < 3:„eAo 

1 0 : a;Gll\ll° 


and arrive to a process {g{x))x&K that satisfies: 
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1. X I—)■ g{u, x) is continuous for all cu G 

2. u g{u},x) is ^-measurable for all x G K, 

3. P {g{xn) = E^f{xn)) = 1 for all x„ G Aq. 

What we still need to show is P [g{x) = E®/(x)) = 1 for all x G AT. We have 
for any x E K and Aq 3 x„ —)■ x, that 


|(?(x„)-E®/(x)|dP = / |E®/(x„)-E®/(x)|dP 


< / E®|/(x„)-/(x)|dP 


= / |/(a:n) -/(a;)|dP0, 


Jn 

where we use the fact that / is uniformly integrable in K. 

(ii): Defining {g^'^{x))x£K„ and {g^"'''^{x))x£K„+i as in step (i), we have that 
g^'^ and g^-^+^ are indistinguishable in Kn- Hence, we can consistently define 
one process in U^i = X. □ 


We continue with a small observation that will be frequently used: 

Lemma 6.4. // h : X —)■ M zs continuous, then sup,j,^^h{x) = sup,j,^^h{x). 
Furthermore, if fi, f2 £ [/] £ Ao(Dri P; C'(X)), then 


E 


sup |/ 2 (r,z/)|dr = E / sup |/i(r, z/)|dr. 


'0 Z/6X 


Jo j/ex 

Given a probability space (D, iF, P), the space of equivalence classes Lq{Ci, T, J 
can be equipped with the metric 

IX-Wl 


d{X,X') := 


1 + |X - X' 


■dP. 


It is proven in [T5l Theorem 2.6. (1)] that the coupling-operation is an isome¬ 
try. This means that given S G {0, T} it follows for any X,Y E ^ 0 (^ 5 , P 5 ) 

that d(X,y) = d(X^,y^). 

Lemma 6.5. Let S E {0,T}, f E Co{Lls, P5; C'(X)), and put 
div^y) ■— f{Vjy)^{riens\ sup^gx/(»?>*)sR}' 

Then g E Co{ils, P5; G(X)) and 

snpg'^iy) = {sup g{y)y. 


Proof. Lemma 16.41 implies the first claim. Since snpy^f^g{g,y) E M for all 
g E Qs, we have that supy^j^g{y) E Co{Qs, X^jP^)- 
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Since A is countable, we can fix finite sets Ai C A 2 C • • ■ C A such that 
An = A. Using Proposition I4.2r iii we have 

h f fsup^(l/)^ , sup g^^iy)] = rrsup^(|/)^ ,(sup g{y) 

/ ye^k / V \y6A / \yeAk 


□ 


= c? sup^(y),sup^(y) ^0, 

\yeA ySAfc / 

US k ^ 00 . The result follows since (sup^g^^^ 9'^{y))ken is increasing. 
In what follows we will only need; 

Lemma 6.6. [151 Remark 2.7(2)] 

Let X G £o(^t,S^,Pt) such that \X{t)\dt is P-a.s. finite. Then 


X^{t)dt = 


. 


Corollary 6.7. Let f G £o(^t, Sy, Pr; C(X)) such that 

rT 


P <^ 0 ; G 12 


/ sup |/(r,a;,y)|(ir < cx) [> ) = 1. 
'0 yex 


Then 


/ sup |/^(r, 2 /)|dr = 
'0 yex. 


rT \ T 

/ sup \f{r,y)\dr 
'0 yex 


Proof. We have from Corollary 14.31 that Lemma 16.51 implies 

supj^ex l/r(?/) = (supygx 1/1(2/))'^, and finally, Lemma ES gives us 

/o^(sup^ex \f\{y))'^{r)dr = (/(f sup^gx |/|(r, y)dr)‘^. □ 

We are ready to prove the desired result: 

Proposition 6.8. Let p>l,0<s<t<T, and f G £o(12t, P^; C'(X)) 

such that {f{x))x£K is uniformly integrable for every compact K 'K and 
there exists a continuous 77 : X x X —)■ [0,oo) such that H{x,x) = 0 for all 
a: G X, and 

Ifiv, xo) - fiv, 2 : 1)1 < H{xo, xi) 

for all {g,xo,xi) G Qt x X x X. Given u G [0,T] we have that P-a.s. 

fT \P 

sup |/(r, x) — f^^’^\r, x)\dr 






whenever either side is in Li(r2, P) 


T _ \P 

sup |/(r, x) — (E^®/)(r, x)\dr 

xGIL 
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Proof. Step 1: Fix g G £o(^T 5 Pt; C'(X)), and assume that 



sup \g{r,y) - f{r,y)\dr 

yeA 


< oo. 

p 


Lemma fd.Sr vi gives g G so Corollary 16.71 iu particular implies 


E 


r*T \P / pT 

sup |fi^(r,?/) -/^^’*](r,?/)|dr ) =e(/ sup ?/) -/(r, 2 /)|dr 


yeA 


yeA 


From this we deduce 


< 


sup \fir,y) - y)\dr 

y&A 



sup \f{r,y) - g{r,y)\dr 

yeA 


+ 

P 


2 



sup \f{r,y) - g{r,y)\dr 

yeA 


P 



sup \gir,y) - y)\dr 

yeA 


P 


Step 2: We assume || sup^g^ |/(r, ?/) — f^'^’^\r,y)\dr\\p < oo, recall that 
VF°, denote the canonical extensions of W, W, respectively, and for 
0 < a < 6 < T work with the cr-algebras 

wj := B(|O,T|)0ff(H/,»-ir»,r6|a,(,]), 

WS - 8{\0,T])^a{W; -Wlr €\a,b]), 

H := { 0 ,[O,r]} 0 CT(W'»-lV,", 7 -e|s,t]). 


Note that these are cr-algebras in and we have the inclusions 



njW° 

^0,T 

C 

Tjt, 


V WS 

C 

y(s,r] 

njW° 

^0,s 

V nS 

C 



where the sides differ only by nullsets. Using Lemma 16.41 we may assume 
that 

1 . / is "H^j^-measurable, 

2. is V HY,t ^ -measurable, 

3. V'Hj^°-measurable. 
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Then the facts that for all y G A 

1-C^° V V cr(/‘^®’*^( 2 /)) is independent of H, 

f{y) is V T-C^t V "H-measurable, 
are immediate. Hence, it follows from [301 9.7.(k)] that 

for all y G A. Since f{y) G Li(r2r, Pt) for all y G A, it follows from 
Proposition I4.8f il that E^»/(|/) = for all y E A. Thus we have 


< 


< 


< 


sup|/(r,|/) - {E^^f){r,y)\dr\\p 

yeA 

snp\f{r,y) - f^'^\r,y))\dr\\p 

y&A 

sup|/(r,?/) - (E^-^^/("’‘l(r,?/))|(ir| 

y&A 

sup |E^‘“'^^(/(r, y) - y))\dr\ 

yeA 

supE^-^^|/(r,y) - f^"’^\r,y)\dr\\p 

yeA 


E' 


W,VH 


E' 


U 

J-o 


sup|/(r,y) - f^"’^\r,y) \ ] dr\\j 

yeA 


sup \f{r,y) - f^^’^\r,y)\dr 


yeA 


sup \fir,y) - (r,y)|drlip. 

yeA 


Step 3 : The conditional claim follows from the result with the full expecta¬ 
tion as in Lemma [4.91 We have already proven that for all u G [0, T] 


->2P 


E 


E 


r-T \P 

sup |/(r, x) — x)\dr 

I x£A 

r-T _ \P 

sup |/(r, t) — (E^“/)(r, x)|dr I , 

I xeA J 


whenever either side is hnite. Let B E Ql with P(i?) > 0, and dehne 
/G Ao(f^T,S^,PT;C'(X)) by /(r,a;,T) :=/(r,n;,a:)lB(a;). 
If we £x a representative of then 
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1 . / satisfies the assumptions of our result, 

2 . 1 b(E^«/) is a representative of (E^®/), 

3. 1b is a representative of 

and the claim follows. □ 


7 Appendix: weighted BMO 

Fix R > 0, (12, P, (^r)re[o,i?]) a stochastic basis that satisfies the usual 
assumptions, and A = (v4j.)re[o,H] ^ continuous, adapted stochastic process 
with Ao = 0. Moreover, we assume that (d^r)re[o,R] is a cadlag (^r)re[o,H]- 
adapted stochastic process, such that 11^,. (cu) > 0 for all (r, cu) G Qr. Put 


{ (T : 12 —)■ [0, i?] (T is a {Gr)re[o. ij] — stopping time I , 

and dehne 

W^{B, a) ;= P I i? n < sup 
for ;/> 0, cr G Sq n, and B G Qa- Recall that for B G Qr oi positive measure 


P 


B ■ = 


F{B n 


P(R) ■ 

Theorem 7.1 ([HI Theorem 1]). Assume that there is 9 E (0, such that 

1 F^(R, V] a) 


PfidRij — A(^\ > p) < 9 + 


P(R) 


(15) 


for all p > 0, a E and B E Qa of positive measure. Then there are 

constants a,a > 0, depending on 9 only, such that 


Fr ( sup \Au — v4o-| > A + apiP 

MS[cr,i?] 


< ^Fb I sup \Au — Afj\ > A ) + a 


Wxi,{B, p; a) 
P(R) 


for all X, p, p > 0, a E Sq and B E Qa of positive measure. 
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Proof. Fix a G iSg B E Qa oi positive measure, and let for A > 0 



Bx ■■= Bn< sup \Ar - A^\> \\ E Qa),- 

[rsKR] J 

It follows that for any A, z/ > 0 


Bx+u<ABxA{\A^^^^-A,^\>v], 


from which we deduce 


nsx+u) 

< nsx n - AI«| > ^}) + P(i?, n {|a1h - A1.J > ^}) 

< 0P(5,) + W^{Bx, aA+.) + 0P(5,) + W^{Bx, ua) 

< 2e¥{Bx) + 2W^{Bx,'^-,a). 

Next we iterate this estimate. Let 

g := sup \Au-A^\, 



for any C E Qr positive measure, and y(C', z/) ;= 0 if P(i? fl C) = 0. 
Putting g := 29, we have proven that 


Fsig > X + u) <[r] + V{g > X,u)]FB{g > A) 
for X,u > 0. Now we use the fact 

V{C,,u)FBiC^) <V{C2 ,i^)Fb{C2) 
for Cl C C 2 to deduce 



for all N eN. Thus 
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Letting 6 := 1 V this implies for A, ^ > 0 


Pb(^ > \ + ^v) 


< 


> A) + 
e^“^PB(5f > A) + 


^y(^> A,z^)Pb(^> A) 

1 — Tj 

1 — T] P(i?) 


□ 
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